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Abstract
Let K be the kernel of an irreducible epimorphism f which is not a simk map. If the
almost split sequence starting at K has decomposable middle term, then K is a simple module.
This generalises a theorem of Krause which requires either the domain or range of f to be
indecomposable.
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1. Introduction
Let  be an artin algebra over a commutative artin ring R and mod the category
of finitely generated right  modules.
In this paper we prove the following theorem.
Theorem 1. Let
0 → K φ−→L f−→M → 0 (1)
be a short exact sequence in mod. Suppose that f is irreducible (so K is indecom-
posable) and φ is not. If K is not simple, then the almost split sequence starting at K
has indecomposable middle term.
Krause [7] proved this theorem with the restriction that either L or M is indecom-
posable; his proof (of the dual result) for the case in which M is indecomposable
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is given in [2, Theorem 5.9]. The assumption that either L or M is indecomposable
seems to be essential to Krause’s proof. The purpose of this note is to drop this
requirement.
If g : X → Y is irreducible, so also is its direct sum with an isomorphism. We say
that g is strongly irreducible if, for all split monomorphisms ι : A→ X and for all
split epimorphisms σ : Y → B, the map ιgσ is irreducible. Bautista [3] has proved
the following proposition.
Proposition 2 (Bautista). A map f in mod is irreducible if and only if it is the direct
sum of a strongly irreducible map between non-zero modules and an isomorphism.
Before proving Theorem 1, we give some simple examples of strongly irreducible
maps between decomposable modules.
Example. Let k be a field and let Q1 and Q2 be the quivers
(1) Let  = kQ1 and Ii be the injective module corresponding to the vertex i.
There is an irreducible epimorphism fij : Ii → Ij for 1  i  2, 3  j  4.
The map
(
f13 f14
f23 f24
)
: I1 ⊕ I2 → I3 ⊕ I4
is a strongly irreducible epimorphism.
(2) Let  = kQ2 and Ii be the injective module corresponding to the vertex i.
There are irreducible epimorphisms fj : I1 → I2, αˆj → eˆ2, 1  j  3.
(a) The map(
f1 f2
f2 f3
)
: I1 ⊕ I1 → I2 ⊕ I2
is strongly irreducible.
(b) If x3 − x − 1 is irreducible over k, then

f1 f2 f3f2 f3 f1 + f2
f3 f1 + f2 f2 + f3

 : I1 ⊕ I1 ⊕ I1 → I2 ⊕ I2 ⊕ I2
is strongly irreducible.
Examples (2)(a) and (b) are special cases of some described in [6].
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2. Proof of Theorem 1
We shall need some preliminary facts concerning irreducible maps before proving
the theorem. We fix the notation of Theorem 1 throughout this section; in particular,
K will always be the kernel of the irreducible map f : L→ M . Proposition 2 allows
us to assume, without loss of generality, that f is strongly irreducible and so is in
rad mod.
For X ∈ mod, we denote its Auslander translate D TrX by τX and TrDX by
τ−1X. Here D(–) = HomR(–, I ), where I is the injective envelope of the R-module
R/radR, and Tr X is the transpose of X defined in [2, Section IV.1].
The fact that K is indecomposable follows from [2, Proposition 5.7], as does the
following lemma.
Lemma 3. For any map ψ : K → X either φ = ψλ for some λ : X → L or ψ =
φµ for some µ : L→ X.
Lemma 4. If K is not simple, every map from K to a projective module, which is
not a split monomorphism, factors through φ.
Proof. Suppose that ψ : K → P , where P is a projective module, is not a split
monomorphism. It is sufficient to consider the case where P is indecomposable
and so ψ factors through radP . Suppose, for contradiction, that ψ does not factor
through φ. Then, by Lemma 3, φ = ψλ for some λ : P → L. Now there is a proper
epimorphism ρ : K → S with S a simple module. Since φ is a monomorphism, it
follows from Lemma 3 that ρ = φµ for some µ and so ρ = ψλµ. This is impossible
since ψ factors through radP and we have the required contradiction. 
Lemma 5. Suppose that g : K → E is irreducible. Then φ factors through g.
Proof. Suppose that the lemma is false. Then, by Lemma 3, g = φµ for some
µ ∈ Hom(L,E). Since φ is not split, it follows that µ is a split epimorphism. Thus
we may write L = E ⊕ L2. Now there is an exact commutative diagram of the
form
0 −−−→ K (g,g
′)−−−−→ E ⊕ E′
(
h
h′
)
−−−−→ τ−1K −−−→ 0∥∥∥∥∥∥∥

(
θ11
θ21
θ12
θ22
)

ψ
0 −−−→ K (g,φ2)−−−−→ E ⊕ L2
(
f1
f2
)
−−−−→ M −−−→ 0
where the bottom row is the short exact sequence (1) and the upper row is an
almost split sequence. (For the fact that g fits in to such an almost split sequence, see
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Theorem 5.3 of [2].) From this we find g = (g, g′)
(
θ11
θ21
)
and so (g, g′)
(
1−θ11−θ21
)
= 0.
Hence
(
1−θ11−θ21
)
factors through the irreducible map
(
h
h′
)
and so (1− θ11) ∈ rad (E,
E). Hence θ11 is invertible. Thus α =
(
θ11
0
θ12
1
)
is an automorphism of L = E ⊕ L2
and so αf is irreducible. It follows from Proposition 2 that θ11f1 + θ12f2 = hψ
is irreducible and so ψ is a split epimorphism. Since τ−1K is indecomposable, it
follows that M ∼= τ−1K and so the sequence (1) is an almost split sequence, contrary
to the hypothesis that φ is not irreducible. This completes the proof. 
Since every irreducible map is either an epimorphism or a monomorphism
[2, Lemma 5.1], the following corollary is now an easy consequence of Lemma 5.
Corollary 6. Every irreducible map starting at K is a monomorphism.
Proof of Theorem 1. Suppose that the theorem is false and that the exact sequence
(1) is a counterexample, so that K is not simple and the almost split sequence starting
at K is
0 → K(g1,g2)−→ B1 ⊕ B2
(
h1
h2
)
−→τ−1K → 0, (2)
with B1 /= 0 and B2 /= 0. Under this assumption, we establish a number of conse-
quences and finally deduce a contradiction.
Consequence 1. There is a commutative diagram of the form
E4 : 0 −−−→ K (g1,g2)−−−−−−−→ B1 ⊕ B2
(
h1
h2
)
−−−−→ τ−1K −−−→ 0∥∥ ( 10) 
E3 : 0 −−−→ K g1−−−−−−−→ B1 −−−−→ C1 −−−→ 0∥∥ h1 
E2 : 0 −−−→ K g1h1=−g2h2−−−−−−−→ τ−1K −−−−→ C1 ⊕ C2 −−−→ 0∥∥  
E1 : 0 −−−→ K φ−−−−−−−→ L f−−−−→ M −−−→ 0
with exact rows, and a similar one with E3 replaced by
E′3 : 0 −−−→ K −g2−−−−→ B2 −−−−→ C2 −−−→ 0.
Proof. By Corollary 6 the maps g1 and g2 are monomorphisms; then E3 and E′3
may be taken as definitions of C1 and C2, respectively. Furthermore, since h1 and h2
are irreducible, they too are monomorphisms and so therefore is g1h1 = −g2h2. It is
then easily verified that E2 is exact.
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By Lemma 5 there are maps µi : Bi → L, i = 1, 2 such that φ = g1µ1 = g2µ2
and so (g1, g2)
(
µ1−µ2
)
= 0. It follows that
(
µ1−µ2
)
=
(
h1
h2
)
λ for some λ : τ−1K →
L. Hence φ = g1h1λ = −g2h2λ. This completes the proof.
Consequence 2. Let 0 → K g−→B γ−→C → 0 be a short exact sequence with g
irreducible and γ not. There is a proper monomorphism from K to τC.
Proof. Let 0 → τC → X → C → 0 be an almost split sequence. Then there is an
exact commutative diagram
0 −−−→ K g−−−−→ B γ−−−−→ C −−−→ 0ψ  ∥∥
0 −−−→ τC −−−−→ X −−−−→ C −−−→ 0
Since γ is not irreducible, ψ is not an isomorphism. If ψ is not a monomorphism,
then it factors through φ and so, by Consequence 1, through g. But this would imply
that the lower sequence splits, contrary to the hypothesis that it is an almost split
sequence. Hence ψ is a proper monomorphism, as required.
We now need to separate our discussion into two cases according to whether or
not K is projective.
For any X ∈ mod, let l(X) denote its length.
Consequence 3. Suppose that K is not projective. There are exact sequences
0 → τK −→ I ⊕ τB1 ⊕ τB2 −→ K → 0,
0 → τK −→ I1 ⊕ τB1 −→ τC1 → 0,
0 → τK −→ I2 ⊕ τB2 −→ τC2 → 0,
0 → τK −→ I3 ⊕K −→ τC1 ⊕ τC2 → 0,
and
0 → τK (λ,•)−→I4 ⊕ τL
( •
τf
)
−→τM → 0, (3)
where I and Ii, 1  i  4 are injective modules (or zero) and
l(I3)  l(I4), (4)
(and we have used • to denote a map which is not of special interest).
Proof. Any exact sequence
0 → A α−→B → C → 0
induces a left exact sequence
0 → τA→ I ′ ⊕ τB → τC,
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where I ′ is an injective module (see [5], for example). It follows from [5] (by ap-
plying the serpent lemma to the commutative diagram (8) of [5]) that, if every map
from A to a projective module factors through α, then the map to τC in the left exact
sequence above is an epimorphism. Thus the existence of the exact sequences of the
above forms follows from Lemma 4 and Consequence 1.
From [5], it follows that I and Ii , 1  i  4, are direct summands of the injective
envelope I (τK) of τK . Lemmas 2 and 4 of that paper imply that, since φ factors
through g1h1, I3 is a direct summand of I4 and so l(I3)  l(I4). This completes the
proof of Consequence 3.
We can now obtain our contradiction in the case when K is not projective. From
the first four short exact sequences of Consequence 3, we obtain l(I1)+ l(I2) =
l(I )+ l(I3). From the first two of these sequences, it follows that l(I )− l(I1)+
l(τB2) = l(K)− l(τC1), which is less than 0 by Consequence 2. Thus l(I1)− l(I ) >
l(τB2). Similarly l(I2)− l(I ) > l(τB1). Hence
l(τB1)+ l(τB2) < l(I1)+ l(I2)− 2l(I ) = l(I3)− l(I ). (5)
Since also l(τB1)+ l(τB2) = l(τK)+ l(K)− l(I ), it follows that l(I3) > l(τK)
and so, by (4), l(I4) > l(τK). Thus the map λ in the exact sequence (3) is not an
epimorphism and hence neither is τf . Since τf is irreducible (by Proposition 2.2 of
[1] and Proposition 2), it follows that it must be a monomorphism. It then follows
from Theorem 7 of [5] that, since K is not simple, coker τf = S is simple. Now,
from the short exact sequence (3), we obtain l(I4)− l(τK) = l(τM)− l(τL) =
1 and hence l(τB1)+ l(τB2) = l(τK)+ l(K)− l(I ) = l(I4)− l(I )+ l(K)− 1 >
l(I4)− l(I )  l(I3)− l(I ) in contradiction to (5) above.
This completes the proof of the theorem in the case when K is not projective.
Consequence 4. If K is projective, then there are exact sequences
0 → τL→ τM → S → 0
and
0 → K → τC1 ⊕ τC2 → S → 0,
where S is a simple module.
Proof. The existence of the first sequence with S a simple module, and of an exact
sequence of the form
0 → K → τC1 ⊕ τC2 → T → 0
follows from [5, Theorem 7] and [5, Proposition 3]. It is also shown in [5] that DS
and DT are the cokernels of the maps φ∗ and (g1h1)∗, respectively, obtained from
E1 and E2 by applying the functor ∗ = Hom(− ,). Thus the fact that φ factors
through g1h1 implies that there is a monomorphism from T to S. Neither C1 nor C2
is projective and K is indecomposable, so T /= 0. It follows that T = S.
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The contradiction for this case follows easily: the second sequence in the state-
ment of Consequence 4 implies l(K)+ 1 = l(τC1)+ l(τC2), and so l(τC1)  l(K)
in contradiction to Consequence 2.
This completes the proof of Theorem 1. 
Remarks
1. Every non-injective simple module S is the kernel of an irreducible map, namely,
the natural projection from I (S) onto I (S)/S. (The corresponding short exact
sequence is almost split if and only if l(I (S)) = 2.) A method for calculating the
number of indecomposable direct summands of the middle term of an almost split
sequence starting at a non-injective simple module is given in [4]. The following
example shows that there is no absolute bound.
Let  be the ring of (n+ 1)× (n+ 1) matrices, over a field k, with arbitrary
entries on the diagonal and the first column and zeros elsewhere. The almost
split sequence starting at the (projective) simple module e1 has middle term∑(n+1)
i=2 ei.
2. It is clear that the dual of Theorem 1 is true for the cokernel of an irreducible
monomorphism.
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